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Abstract
This paper proposes analytical model results of a cantilever based piezoelectric energy harvesting device (PEHD)
with a large tip mass whose centre of gravity is not coincident with its point of attachment to the beam. This model
includes both the piezoelectric backward coupling and the dimensions of a large tip mass in the governing equations.
This work aims to enable a wide range of PEHD researchers, not only experts but also PEHD designers and analysts
to have a model that can be used to evaluate the performance of the designed energy harvesting devices for self-
power sensors/sensor networks in structural health monitoring applications.
© 2011 Published by Elsevier Ltd.
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1. Introduction
Successful high technology manufacturing industries are producing a range of high value products and
services. High value products are technology intensive, expensive and reliability critical, requiring
engineering services (e.g. maintenance and repair) throughout the life cycle, e.g. railway vehicle bearings,
wind turbines rigs, and aircraft engines and wings. The system must be monitored and assessed
throughout its lifetime. Currently, the process is often manual, expert dependent and time consuming, and
often lacks information on what is going on while in active service. High technology industries are
increasingly demanding easy access to information for better decision-making in maintenance over the
life cycles of their products. This typically requires an autonomous monitoring system to operate as long
as possible to collect, elaborate, store and share information within communication sensor networks
powered by energy harvesting technology, rather than powered by mains electricity or batteries. This
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technology will be “fit and forget”, without the need for a human to change batteries, and so the system
will become completely autonomous, with minimum or no maintenance. The need of such systems is
certainly not unique to any one industry and currently there are much more widespread needs in the use of
energy harvesting technology to power sensors/sensor networks to reduce maintenance and repair costs
and improve reliability and safety of their products. However, the power requirements of many low-
power electronic systems still remain above the power levels achieved by PEHDs demonstrated in the
research community to date, and this is a significant barrier to the exploitation of energy harvesting
technology. Because PEHDs are not straightforward devices, and involve many complex interactions
between material, structural, and circuit parameters as well as the additional complexity associated with
piezoelectric electromechanical coupling [1], it is unfeasible to increase the power output of a device
simply by using a trial and error approach. The motivation of this paper is thus to develop a simple
analytical model that will enable scientists and engineers to easily analyse the performance of the
designed energy harvesting devices for self-power sensors/sensor networks in structural health monitoring
applications.
2. Dynamic Model
A dynamic model that can be used to accurately calculate the electromechanical performance of a
cantilever based PEHD is developed with the conditions that the PEHD is subjected to a harmonic
mechanical excitation and with a large mass attached to the tip whose centre of gravity is not coincident
with its point of attachment to the beam, as shown in Fig. 1, and higher modes of vibration are not
considered.
Fig. 1. Cantilever based PEHD with a large tip mass
The dynamic model can be represented by the governing equations of piezoelectric converters [2]
)()()()()( tVtyMtKztzCtzM p4   (1)
)()()( tQtVCtz ppp  4 (2)
where , CM and K represent the effective mechanical mass, mechanical damping and mechanical
stiffness of the PEHD, respectively; 4 represents the effective vibration-electric conversion coefficient;
)(tVp and )(tQp represent the voltage across the piezoelectric electrodes and the charge generated on the
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electrodes due to the ambient excitation; )(tz is the mechanical displacement of the centre of mass,
relative to the fixed point of the cantilever; )(ty is the acceleration acting at the fixed end of the device
and from the ambient vibration environment; and pC is the capacitance of the piezoelectric structure.
If the ,, CM K , 4 and pC are all known and link to geometric parameters of the PEHD, then
harmonically excited solutions to )(tz , )(tQp and )(tVp can be possibly solved when the PEHD is
connected with an electronic circuit that transforms the harvested electric energy into a usable form. The
question raised at this point is whether Eqs. (1) and (2) can be used to describe a cantilever based PEHD.
If the answer is yes, another question arises: how are the ,, CM K , 4 and pC related to the geometric
parameters of the PEHD. Answers to these two questions are key tasks of the analytical modelling
proposed in this paper. Furthermore, because PEHDs are complicated electromechanical dynamic
systems, for simplicity, such devices have frequently been modelled as a uncoupled systems by ignoring
the backward coupling term pV4 on the right hand side of (1). This ignorance is fairly reasonable for
cases of extremely low coupling of piezoelectric sensors and actuators. However, PEHDs make use of
high electromechanical coupling material to convert mechanical energy into electrical energy; therefore,
the uncoupled assumption cannot be valid for the device. In reality, the electrical energy generated
influences the vibration displacement amplitude through the high electromechanical coupling term, pV4
shown on the right hand side of (1). This means that as the device harvests electrical energy from the
ambient vibration, the vibration displacement of the device will reduce, and this in turn leads to a
reduction in the electrical energy harvested. This paper based on the beam theory [3] to derive Eqs.(1) and
(2) (the derivation will be not presented here) and used the model tostudy the piezoelectric backward
coupling effects on electromechanical performance.
3. Simulation results
Fig. 2 shows the effects of backward coupling on the performance of the PEHD by comparison with
exclusion of backward coupling. The device geometrical parameters and material properties are based on
[1]. A constant vibration acceleration amplitude of 0.23g was applied to the fixed end of the cantilever.
(a) (b)
Fig. 2. Calculated frequency responses of the PEHD connected with a resistor of :k325 for the cases of the
inclusion and ignorance of the piezoelectric backward coupling: (a) the electrical voltage generated and (b) the
power dissipated by the resistor
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It can be seen in Fig. 2 that the backward coupling greatly reduces the voltage and power generated by
the PEHD. The effects of the backward coupling have been further investigated by evaluating the peak
output values at the resonant frequency and the results are summarized in Table 1. It can be concluded
that the backward coupling has significant effects on the PEHD’s output performance and has to be
considered in the PEHD analysis when a high piezoelectric coupling material is used to convert
mechanical into electrical energy.
Table 1. Comparison between peak results for the inclusion and the ignorance of the piezoelectric backward coupling for PEHD
FRQQHFWHGWRDORDGUHVLVWRURINȍDWWKHDFFHOHUDWLRQH[FLWDWLRQOHYHORIJ
Piezoelectric backward coupling Resonant frequency (Hz) Power (μW) Voltage (V) Vibration displacement (μm)
Inclusion 125 361 15.3 36.5
Ignorance 120 4187 52.2 127
Table 2. Comparison of calculated results between the proposed model and the coupled piezoelectric-circuit finite element method
&3&)(0IRU3(+'FRQQHFWHGWRDORDGUHVLVWRURINȍDWWKHDFFHOHUDWLRQH[FLWDWLRQOHYHORIJ
Resonant frequency for short circuit connection (Hz) Power (μW) Voltage (V)
The proposed model 120.9 361 15.3
CPC-FEM 120 372 16.1
A study to compare the results of the proposed model with those obtained using the coupled
SLH]RHOHFWULFFLUFXLWILQLWHHOHPHQWPHWKRG&3&)(0IRU3(+'>@IRUWKHVDPHORDGUHVLVWRUNȍ
and acceleration excitation level (0. 23g) has been undertaken. The results given in Table 2 show that
there is a good agreement in the power dissipated by the load resistor and the voltage generated across the
load resistors at resonance. Details of the CPC-FEM can be found in [4, 5]. The modelling results also can
show the maximum power output at the resonant frequency and the shift in this frequency for a range of
electric load resistor values. Similar conclusions for the load characteristics can be obtained using the
CPC-FEM and experimental results, for example, the shift in the resonant frequency with change in load
resistance.
4. Conclusions
This paper concerns the analytical modelling results of a cantilever based piezoelectric energy
harvesting device (PEHD) with a large tip mass whose centre of gravity is not coincident with its point of
attachment to the beam. This work can be used to evaluate the performance of the designed energy
harvesting devices for self-power sensors/sensor networks in structural health monitoring applications.
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